We consider the finite temperature Casimir free energy acting on a spherical shell in (D + 1)-dimensional Minkowski spacetime due to the vacuum fluctuations of scalar and electromagnetic fields. Dirichlet, Neumann, perfectly conducting and infinitely permeable boundary conditions are considered. The Casimir free energy is regularized using zeta functional regularization technique. To renormalize the Casimir free energy, we compute the heat kernel coefficients cn, 0 ≤ n ≤ D + 1, from the zeta function ζ(s). After renormalization, the high temperature leading term of the Casimir free energy is −cDT ln T − T ζ ′ (0)/2. Explicit expressions for the renormalized Casimir free energy and ζ ′ (0) are derived. The dependence of the renormalized Casimir free energy on temperature is shown graphically.
I. INTRODUCTION
Casimir effect is an interesting quantum phenomenon that has attracted the attention of physicists for more than 60 years [1] . In recent years, the finite temperature correction to the Casimir effect has attracted increasing interest both theoretically and experimentally [1] [2] [3] [4] [5] . It has been known that in the high temperature regime, the vacuum fluctuations of quantum fields can give rise to Casimir effect that is very different from the effect at zero temperature.
Since the pioneering work by Ambjørn and Wolfram [6] , where Casimir energies for scalar field and electromagnetic field in a D-dimensional rectangular cavity were calculated, Casimir effect in higher dimensional spacetime has gradually received more attention, especially in recent years, when some long standing problems in physics have found solutions by embedding our physical (3 + 1)-dimensional spacetime in higher dimensional spacetime.
Calculations of Casimir energy in spherically symmetric configurations have been of interest to physicists for more than 45 years now. In [7] , Boyer calculated the Casimir force acting on a perfectly conducting three dimensional spherical shell and found that it is repulsive. This result was later confirmed by several groups of researchers [8] [9] [10] [11] [12] [13] [14] [15] using different methods. The Casimir energy of a massive scalar field confined in the interior and exterior of a three dimensional spherical shell was computed in [16] . Generalization to higher dimensions was carried out in [17] [18] [19] [20] . Later in [21] , a systematic approach for scalar field, spinor field and electromagnetic field in D-dimensional spherical cavity was given. In [22] , we reconsider the electromagnetic Casimir effect of a D-dimensional spherical shell. Most of these works only considered the zero temperature Casimir effect. So far finite temperature Casimir effect on spherical shells has only been considered for the case when D = 3 [1, 9] .
In this work, we consider the finite temperature Casimir effect for higher dimensional spherical shells. We treat scalar field with Dirichlet and Neumann boundary conditions, and electromagnetic field with perfectly conducting and infinitely permeable boundary conditions. For scalar field, the results for zero temperature Casimir energy of a D-dimensional spherical shell can be found in [1, 21, 23] , whereas the corresponding results for electromagnetic field were obtained in [22] . The current work can be considered as an extension of these to the finite temperature region. Of particular interest to us is the high temperature asymptotic behavior of the Casimir free energy.
In this paper, we use units where = c = k B = 1.
II. CASIMIR FREE ENERGY OF A SPHERICAL SHELL IN (D + 1)-DIMENSIONAL MINKOWSKI SPACETIME
The Casimir free energy of a quantum field in a D-dimensional bounded region M is defined as
where ω are the eigenfrequencies of the field. The zero temperature Casimir energy
is generically divergent, but the thermal correction
is always finite. Using zeta regularization, the regularized Casimir free energy is defined as (see e.g. [1, 23, 24] ):
where µ is a normalization constant, and
2 −s is the corresponding thermal zeta function. Let
be the associated heat kernel. It is well known that the heat kernel has an asymptotic expansion of the following form as t → 0 + (see e.g. [1, 23, 24] ):
The coefficients c n are related to the zeta function
It has been shown that in the high temperature region (see e.g. [1, 25, 26] ), the regularized Casimir energy behaves as
Here ζ R (s) = ∞ n=1 n −s is the Riemann zeta function. On the other hand, it is well known that (see e.g. [26] ):
Hence, the regularized zeta function (3) is well defined if and only if c D+1 (M ) = 0. In this article, we are going to consider the Casimir free energy of a spherical shell in (D +1)-dimensional Minkowski spacetime with radius r = a. For regularization purpose, we need to enclose this spherical shell in a larger spherical shell of radius r = b. Let A a,b be the annular region a < r < b between the two spherical shells. The regularized Casimir free energy of the spherical shell with radius r = a is defined as
where B r is the ball of radius r. Namely, we take the sum of the energy inside the spherical shell and the energy outside the shell, and subtract away the energy when the shell is absent.
Let
Denote ζ(B r ; s) by ζ int (r; s). As in [22] , one finds that ζ(A a,b ; s) can be written as a sum of three terms:
where the term ζ ext (a; s) only depends on a, and ζ inter (a, b; s) is the interacting term which is regular for all s and goes to zero in the limit b → ∞. Hence,
ζ int (a; s) can be considered as contribution from the interior region, and ζ ext (a; s) can be considered as contribution from the exterior region.
In the same way, one can show that the thermal zeta function can be written as
and the regularized Casimir free energy is given by
As discussed above, the regularized Casimir free energy is free of ambiguities if and only ifĉ D+1 = 0. In the high temperature limit, the Casimir free energy has an asymptotic expansion
As was discussed in [1, 33] , we need to renormalize this Casimir free energy by subtracting away all the terms of order T 2 and above, so that in the high temperature limit, the renormalized Casimir free energy behaves like
In other words,
From this, we see that the heat kernel coefficientsĉ n , 0 ≤ n ≤ D − 1, are important for the renormalization of the Casimir free energy. The vanishing of the coefficientĉ D+1 will render the Casimir free energy well-defined. After renormalization, in the limit T ≫ 1,
The leading term is of order T ln T with coefficient −ĉ D . The next-to-leading order term is of order T with coefficient
Finally, there are terms of order ln T and T 0 if and only ifĉ D+1 = 0, i.e., when the Casimir free energy is not well-defined. In this work, our main goal is to compute the heat kernel coefficientsĉ n , 0 ≤ n ≤ D + 1, the derivative of the thermal zeta function ζ T (a; s) at s = 0 and the derivative of the zeta function ζ(a; s) at s = 0.
The spectrum of a scalar field in a spherical symmetric cavity subject to Dirichlet (D) or Neumann (N) boundary conditions is well known (see e.g. [27] ). The spectrum of an electromagnetic field in a spherical symmetric cavity with perfectly conducting (PC) or infinitely permeable (IP) boundary conditions was studied in [22] . From the spectrum, one can construct the corresponding zeta functions. For scalar field with Dirichlet or Neumann boundary conditions,
where
Here χ(c, ν) = −2 when ν + c = 0, χ(c, ν) = 0 when ν + c = 0. The part that involves the modified Bessel function I ν (z) comes from the interior region, and the part that involves the modified Bessel function K ν (z) comes from the exterior region. Notice that χ(c, ν) = 0 only happens for Neumann boundary conditions, and it only affects the term with l = 0 for which ν = (D − 2)/2. In this case,
Hence,
where we have used the fact that b D (0) = 1. For electromagnetic field with perfectly conducting or infinitely permeable boundary conditions, one can divide the spectrum into contributions from transverse electric (TE) modes and from transverse magnetic (TM) modes, and the corresponding zeta function can also be written as a sum of the TE contribution and the TM contribution, namely
For perfectly conducting boundary conditions,
For infinitely permeable boundary conditions,
Here
The corresponding thermal zeta functions can be written down in the same way. For example, for scalar field with Dirichlet boundary conditions, 
III. ANALYTIC CONTINUATIONS OF ZETA FUNCTIONS
The analytic continuations of the zeta functions ζ D (a; s) and ζ N (a; s) have been discussed in a number of works. See e.g. [23, [27] [28] [29] [30] [31] . Here we apply the same method to perform the analytic continuations of the zeta functions ζ PC (a; s) and ζ IP (a; s) and the thermal zeta functions.
First consider the functions ζ ν D (a; s; m) and ζ ν R,c (a; s; m). Debye uniform asymptotic expansions of the modified Bessel function states that [32] : As ν → ∞,
and u k (t) and v k (t) are defined recursively by
It follows that
Then
D n (t) and M n (t) can be computed recursively by
One can prove by induction that they are polynomials in t of the form
From the Debye asymptotic expansions, we find that
and
where N is any positive integer. Using this, we can write the zeta functions ζ
Now notice that b D (l) and h D (l) can be expanded as
be the Hurwitz zeta function. Substituting (22), (23) and (24) into (21), we find that the zeta functions (11), (12), (14) and (15) can be written as
Here Next, define
We find in the same way that the thermal zeta functions can be written as
Here 
IV. HEAT KERNEL COEFFICIENTS
Using the fact that ζ H (s; χ) has only one pole at s = 1 with residue 1, we read immediately from (26) that, for Dirichlet boundary conditions, 
for Neumann boundary conditions, 
for perfectly conducting boundary conditions, 
Using the fact that for any nonnegative integer j, ζ H (−j; χ) = − B j+1 (χ) j + 1 , where B n (x) is the Bernoulli polynomial of degree n, one can readily compute all the coefficientsĉ n for 0 ≤ n ≤ D + 1. In fact, using the fact that x D;j and y D;j are nonzero if and only if D and j have the same parity, one can show that for 0 ≤ n ≤ D − 1,ĉ n = 0 if n is even andĉ D+1 = 0 if D is odd. The latter implies that the Casimir free energy is well defined when the dimension D is odd. The coefficientsĉ n for 3 ≤ D ≤ 8, 1 ≤ n ≤ D + 1, are listed in Tables I, II, III and IV. An interesting phenomenon to observe is that for D = 4, 6, 8,ĉ D = 0, −1, −1 and 1 respectively for Dirichlet, Neumann, perfectly conducting and infinitely permeable boundary conditions. We conjecture that this is true for all even D.
In this section, we compute ζ ′ (a; 0). First notice that when N is large enough,
Similarly,
As z → 0,
On the other hand, t(0) = 1. Therefore,
However,
2i . 
It follows immediately that
, where
Here z D;j = y D;j for Neumann or perfectly conducting boundary conditions, and z D;j = x D;j for infinitely permeable boundary conditions. Taking the derivatives of (26) at s = 0, we find that
The values of ζ ′ (a; 0) − 2ζ(a; 0) ln a are computed explicitly in Tables V, VI , VII and VIII for 3 ≤ D ≤ 8.
VI. THE RENORMALIZED CASIMIR ENERGY
In this section, we derive the expressions for the renormalized Casimir free energies. First we consider the functions Ξ(s, α; χ; c) and X(s) defined in (27) and (28) . We have
is the singular part of Ξ(s, α; χ; c) with poles at s = 1 + α/2, 1/2, −1/2, −3/2, . . ., and
is a regular function. Similarly,
where 
is a regular function. Substituting these into (29), we can compute ζ ′ T (a; 0). Using (6) and (9), one can then write down the expressions for the renormalized Casimir free energy. We find that for Dirichlet boundary conditions: For Neumann boundary conditions: For perfectly conducting boundary conditions: Finally for infinitely permeable boundary condition: From these expressions, we see that whenĉ D+1 = 0, the renormalized Casimir free energy depend on the normalization constant µ through the term
From (10), we find that when aT ≫ 1, 
Using the results of Sections IV and V, we listed E asym in Tables IX and X. For perfectly conducting spherical shell in D = 3 dimensions, our result agree with that obtained in [9] . In Figures 1, 2 when 3 ≤ D ≤ 6, for Dirichlet, Neumann, perfectly conducting and infinitely permeable boundary conditions, as a function of aT for aT between 0.001 and 10, and compare each the these to the corresponding aE asym Cas . From the graphs, it is observed that when aT > 1, E asym gives a good approximation to E.
VII. CONCLUSION
We have discussed the regularization and renormalization of the Casimir free energy of a spherical shell in (D + 1)-dimensional Minkowski spacetime. We consider scalar field with Dirichlet and Neumann boundary conditions, and electromagnetic field with perfectly conducting and infinitely permeable boundary conditions. The Casimir free energy is regularized using zeta functional method. The high temperature asymptotic expansion of the regularized Casimir free energy contains terms that are proportional toĉ 0 T D+1 ,ĉ 1 T D ,ĉ 2 T D−1 , . . . ,ĉ D−2 T 3 ,ĉ D−1 T 2 , which have to be subtracted away in the renormalization process. Hereĉ n are the heat kernel coefficients. We have derived formulas for these heat kernel coefficients. When 3 ≤ D ≤ 8, they are computed explicitly. For 0 ≤ n ≤ D − 1, it is found that c n is zero if n is even. As is well known, the regularized and renormalized Casimir energy is unambiguously defined (not depending on a normalization constant) if and only ifĉ D+1 = 0, which is the case when D is odd. In the high temperature limit, the leading term of the renormalized Casimir free energy behaves as
where ζ(s) is the corresponding zeta function, and ζ(0) =ĉ D . We have derived the general expression for ζ ′ (0), and computed its explicit value when 3 ≤ D ≤ 8. This might be of independent interest since it is closely related to a functional determinant. Finally, we derive explicit expressions for the renormalized Casimir free energy. When 3 ≤ D ≤ 6, it is computed numerically and the result is shown graphically.
